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The goal of this document is to show that categories, functors, and natural transformations form a strict 2-category.
In particular, I (try to) write out all of the necessary details, using diagrams over equations whenever relevant. 1
start by giving a definition of strict 2-category for the sake of referencing during the proof. I then define the data
of the 2-category of categories and show that they satisfy the definition of a (strict) 2-category.

Definition: A strict 2-category C consists of
1. a collection of 0-cells;

2. for each pair of O-cells (z,y), a category C(z,y), whose objects are called 1-cells and whose morphisms are
called 2-cells; composition of 2-cells within the categories C'(z,y) is called vertical composition;

3. for each 0O-cell z, a distinguished 1-cell 1, € ob C(xz, z) called the identity 1-cell at z;

4. for each triple of 0-cells (x,¥, z), a functor o : C(y, z) x C(x,y) — C(z, z) called horizontal composition;
which satisfy the following conditions:

I. (identities)

e the identity 1-cells are strict left and right units with respect to horizontal composition, i.e. for each
1-cell f € obC(x,y),
foly=f and lyof=f,

e the identity 2-cells corresponding to the identity 1-cells are strict left and right units with respect to
horizontal composition, i.e. for each 2-cell & € mor C(z,y),

aoly, =a and 1;,0a=q;
II. (associativity) horizontal composition is strictly associative, i.e.
e for each triple of 1-cells (h, g, f) € obC(y,z) x obC(z,y) x ob C(w, ),
ho(gef)=(hog)ef,
e for each triple of 2-cells (v, 8, ) € mor C(y, z) x mor C(z,y) x mor C(w, x),

vo(Boa)=(yop)oa.

Let’s verify that if we define
e (-cells = categories,
e 1-cells = functors,
e 2-cells = natural transformations,

then we get a strict 2-category.




1. Given.

2. For two categories C, D, we already know that the functors from C to D together with the natural transfor-
mations between such functors form a category Fun(C, D). Here are the main observations:

e The identity natural transformation 1 is defined as the identity map at every object ¢; 1r(c) = 1p(c).

e Composition is defined “component-wise” at each object, so associativity is thus inherited from asso-
ciativity of D.

3. For a category C, the identity functor 1¢ : C' — C' is the distinguished identity 1-cell.
4. Given categories C, D, E, we need a composition functor
o: Fun(D, E) x Fun(C,D) — Fun(C, E).
On objects (i.e. 1-cells), this is simply composition of functors:

(c L5 D95 E) (CE5E)

For a pair of morphisms (= 2-cells = natural transformations) (5,«) € Fun(D,E) x Fun(C,D), where
a:Fi=F:C—>Dand:Gy=Gy:D — E, we need to define a natural transformation

Boa:GioF, = Gookly:C — E.

The diagram below illustrates the assignment we want to define:

Fy G1 G1Fy
(e 1 ) ()
GoFy

In other words, for each ¢ € ob C, we need a morphism (8o «a)c: Gy Fic — GaFsc in E. Applying « to ¢, we
get a morphism «c : Fyc — Fyc in D. There are two ways to send this morphism to one in E, namely, via
G1 and G3. These two morphisms are connected by 3, as in the following diagram (which commutes since
B is a natural transformation):

G1F1 H GQFlC

Gl(ozc)l \LGQ(&C) (1)

GlFQC m) GQFQC,
This diagram gives us a unique diagonal map (8 o a)c : G1Fic — GaFsc defined as either of the two
compositions:

(Boa)c:= (BFc)(Giac) = (Gaac)(BFic).

In order to show that o is well-defined, we need to show that So« is a natural transformation G1F; = GaoF5.
Let f:c— ¢ be a morphism in C. Then we get a cube of morphisms in E:

G1Fic GoFic
\ \GgFlf
G F
g GlFlc’ l > GQF]_C/
GlFQC GQFQC
GaFa f
Glﬁf\ l \
GIFQC/ GQFQC/,



where the back and front faces are the commutative squares defining (5o a)c and (Soa)c’ as in (1), and the
four maps connecting the corners of the two squares are the four compositions of functors applied to the map
f- The left and right squares are G and G2 applied to a square in D which commutes by naturality of a.
The top and bottom squares commute by naturality of 5. The naturality property of 8o« is commutativity
of the (diagonal) square formed by the maps (8a)c, (Ba)c’, G1Fy f, and GoF» f. Commutativity of this square
follows from commutativity of all six faces of the cube.

Thus, the assignment defining the horizontal composition functor o is well-defined; we need to show that it
is a functor.

First, let us check that o preserves identity 2-cells, i.e.
lgolp =1gor,

where 1 and 14 denote the identity natural transformations as in the following diagram:

F G
N TN
C ﬂlFD ﬂle E.
\\F,/\\a/

We can apply the defining diagram as in (1):

GFece m GFe
G’(ch)l lG(ch)

GFCWGFC

Note that every edge in the diagram is the identity, so the diagonal is as well.

Next, we need to show that horizontal composition preserves vertical composition. We’ll use the notation -
for vertical composition (i.e. composition of natural transformations within the functor categories) in order
to distinguish it from horizontal composition, o. With this notation, the functoriality property is

o((B2, ) *(B1, 1)) = (B2 0 a2) +(B1 0 1),

where o((82, a2) +(B1,01)) = o(B2+ f1,a2-a1) = (B2+ B1) o (a2 + 7). So functoriality amounts to showing

(B2+B1)o(az-a1) = (B20az)(B1oar). (2)
We can depict this as a diagram:
F1 Gl
IR m
C > D E,
F3 Gg



where the words “horizontal” and “vertical” correspond to the respective directions in the diagram, and the
parentheses in equation (2) indicate the order in which to carry out the compositions.

To prove (2), consider the commutative squares which define 81 o a; and Sz 0o ay (as in (1)):

G1Fic M GoFyc GoFye Bo(Foc) GsFye
Gl(alC)J W‘l)c JGQ(O&lC) G’g(agc)J W)C JGg(ozzc)
G]_FQC W GQFQC GQFgC W} G3F36.

Notice that we can connect these two squares at GoFoc to form a single diagram whose diagonal composite
is the right side of (2) evaluated at ¢ € C:

GlFlc M) GQFlc

G1 (alc)J W‘l)c Ga(aic)

GlFQC W GQFQC M) G3F2C (3)
1(£2¢

Ga(azc) W)C JGS(%C)

GQFgC W G3F3C.

We can also depict the left side of (2) evaluated at c as the diagonal in the following commutative diagram
as in (1):

G1((o2 'al)C)‘/ lG;a((az -a1)c)

GrFse G 5me Catse

Since (vertical) composition of natural transformations is defined component-wise (and by invoking functo-
riality), we can refine the above diagram to:

G1Fyc M GoFic M GsFic
Gi(auc) Gs(aic)
Gl}gc Gg}gc
G1(az2c) Gz (azc)

Grlse — o Galse — o Galise.

Notice that we can superimpose the above diagram on the diagram in (3) to get a diagram (which we are
not assuming is commutative):



GlFlc —)ﬁl(FIC) G2F16 —)IB2(FIC) G3F16

Gi(aic) Ga(aic) ? Gs(aic)
~ ~ IBQ(FQC) ~
G1F2C e —— GQFQC E— GgFQC

B1(Fac)
G1(azc) ? G2 (azc) G3(azc)

Crlse — g Galse — Galise,

where the small squares marked with a 7 are not yet known to commute. Notice that these squares are also
instances of horizontal composition. Namely, the top right square is (82 o a1)e, and the bottom left square
is (81 o ag)c. Thus, since all the small squares commute, the entire diagram commutes. So there is only one
diagonal composite G1Fic — GsF3c. This proves that horizontal composition is a functor.

Now we have to show that the data 1-4 satisfy the conditions of a strict 2-category.

I. The identity 1-cells are identity functors, which we know are strict left and right units with respect to
composition of functors.

Given functors F,G : C — D, and a natural transformation « : F' = G, we need to show that
aoly,=a and 1lj,ca=a.

In each case, we apply the defining diagram (1):

1 F
Flee 22 Glpe 1pFe 2 pe
F(llcc)i iG(llcc) and 1D(ozc)l llp(ac)
FlCC 01(173 GlCC, 1DGC lr(Gg) 1DGC,
which simplify to
Fe % Ge Fe ey Fe
IFC\L \LIGC and acl lac
Fec —— Ge, Ge —— G,
Ge

so both of the diagonal maps are ac.

II. We know that composition of functors is strictly associative. We need to check that horizontal composition
of natural transformations is also stricly associative. Given

Fy Gy H,y
S N T N N
A ﬂa B ﬂﬁ C ﬂ” D,

and ¢ € C' we can form the two diagrams which define (y o (8o «))c and ((yo f) o a)e:



H(G1Fy)c g 1C)Hz(G1F1)

(’7 © (ﬁ o a))c : Hl((ﬁoa)c)l lHQ((ﬂoa)c)
H (GQFQ)C @))HQ(GQFQ)
oB)(Frc
(H]_G]_) ('Y B)(Fy )(HQGQ)F]_C
((7 e /B) © a)c : HlGl(ac)J, inGg(ac)

(HlGl)FQC( W )(HQGQ)FQC

We can now expand all instances of horizontal compositions of natural transformations into their defining
commutative squares, i.e.

(vo(Boa)e
G1F1)C UGELD GlFl)C
H1G/ \(FIC) H2G1(Oc/ Ha(B(Fic))
GlFQ)C Hl G2F1 GlFQ)C H2 G2F1
Hi(B(F2c)) %2 (ac) P\‘ %2 (ac)
H1 GQFQ)C (GaFa0) HQ(G2F2)07
(yoB)oa)c
(HQGl)FlC
lFl/ Hy(B(Fic))
(H1G1 Flc (HQGQ)FlC
H % GaFic
1(B(F1 (H\Gs) Frc (G2 Fic)
Hi1G1(ac) HsGa(ac)
HyGH)F:
W@ 2G1) 2CH\2)WFQC))
(HlGl)FQC (HQGQ)FQC
Hi(8(Fa0)) %Fm
(HlGQ)FQC

We can now make the following observations:

e both of the above diagrams have the same eight vertices;
e cach diagram can be interpreted as a cube with two of its edges missing;
e whenever two vertices are connected by a map in both diagrams, these maps coincide;

e each diagram contains the two missing edges of the other;



e superimposing the two diagrams on top of each other, aligning the common vertices and edges, yields
a commutative cube:

v(G1Fic)

HlGlFlc >H2G1Flc
\Hj(ﬁ(Fw)) Ha(B(F1c))
H,G1(ac) H1G2F16 'y(GgFlc)‘/ HQGQFlc
H2G1(ac)
H1G2(ac)
HiGL e EERLD » HoG1 Fac HyGa(ac)
Hl(ﬁ(FQC))\) l HQ(ﬁ(szN
HleFQC HQGQFgc,

(G2 Fac)

We conclude that both diagonals are the diagonal of the same commutative cube, so they are equal. This
proves that horizontal composition is associative.

Thus, categories, functors, and natural transformations define a strict 2-category.



